
Morse - Bolt Neary
suppose the set of ←it pts of him.gl-

R is a

snbmfd N w/ components Ni 's on any rt of Ni
,

the Hessian is nondegenerate on orthogonal directions to Ni .
The Hu of neg eigenvalues of the

Hessian is some pi , the

Morse indes et Ni . we obtain a pi -rink rect bundle

over N; called AlNi ) .

Then Vlol) -- t 't 10h12 vanishes on the Ni but is large

elsewhere . Thu
,
he wovef

" ( StatesI vanish rapidly away
from the Mi .

Pick an Ni , call it No .

Claim : for large -L
,
the Ion energy spectrum of He

acting on States localized near No converge to the

spectrum of D on No -



let M IN
.) be a tubular mghd of N. y it can be

regarded as the normal bundle .

Let at denote the exterior denature on No which
extends to MIND

. E

me find that Is

He= dit t da
-*T t H

'

\ acts in transverse
directions to No

Fa large t , H
'

has a similar form to the

Tty ne sun before (makes sense as the
transverse

directory are nondegenerate 's

bears.hilarity to the Morse

setting
Fix a *No; then H

'

can be restricted to the fiber over n
, Fn .

H 't
en

has a single zero energy state- all other States

Rmk : Compare this to the Them das, *
how energy proportional

a bundle E ohhh can be viewed as he
to t '

amZee cohomology class in Hna LEG which restricts
to the

generator of Hen ( F) on each fiber F



let dad (mints be the zero energy state of H
'
a Ahe

fiber Fa at pt m . It is a p- form Lp and No) .

Claim. Similarto Born - Oppenheimer approx cu molecular

physics , the deg of freedom transverse ta No one

frozen in their grand state IN> b/c of the large energy
associated ta any

excitation .

So we may write a lowenergy
state H> of Het in the

form ly Cain) ) = txcnl) 0 Hlm , n)) . (Kiimeth
A in a formula or

14*1MIND
"

u't lNot
"

Mitten ) Kray -Hirsch)
Ii turn

The caveat is that IX) EHMAH EE NA) n orientable . If not,
then I is a section of the de Rham complex of N Listed
the orientation bundle of A lab) .



Klm,al ) is annihilated by H
' l so for large t ,

the ezenval problem Hey = 44 , y -- X d reduces

to DX -- XX or No .

The O - eigenstates are in H correspondence to generators of the
X

dusted I cohomology
The approx

we're making B fo ignore x's dependence on No .

7hm is valid ta lovest order in
"It .

⇒ nonzero energy States
in the approx home

nonzero energy
in actuality for large f

In fact
,
their energies equal (for large f ) ,

he nonzero eigemal
of the Laplacian on N-

we obtain inequalities for Meru - B. H theory .

The contribution of tf to the Morse polynomial is

QP pilaf )
•rheumy Poincare poly or tested Poincare

Feluda IbnWolek



3
. Killing Vector Fields

let (M ,g) be a opt Ram mfd

def
.
A Kirkuk K on M satisfies

Luged .

It may be
viewed as an

infinitesimal generator of an

isometry et Mi. e . its flow generates a Ipnom family of

isometries .

Fact.. If theg) is apt , K - killing notfield , 7 - harmonic form,

then Lk 7=0
-

we fix such a K .
let N = { vanishing pts of K }

Regard K as an operator on forms by anterior multi.

He



Then
, let s EIR be fired 3

dg E d t s Ck

Note that dog mops a p
- form to a combination of a

@ H )
'

g pl-Il form .

let the term
*

M
,

V
-
Hodde 'M

.

So ds ' the→ VF .

Ibsen : die off t s dont send t s
' ln#°

O

= s Ly Kartar 's mayor formula)

Alsa
,
if dj is the adjoint , using the fact that K

is a killing red
- field

,
we can

show that

-DE -- SIK



Let Hg = dsds
't
e- dids be our

"

Hamiltonian
.

"

Man Thennew. The # of zero eigenvalues fault.plicily )
et

Hg is independent of s (for Sto ) 9 indeep of

any K -invariant Riem meter on M
.

The K& zero edgemont et Hs = ? bae LN)
(skol ' Betti Hee 's

.-
Moreover

, we know that when s= O, Hg =D - Laplacianam
.Then the Hodge fhm says :

K zero egeneral ofO = Fe by IMI .
he eager nd at Hs are smooth th ' of s since the S-dependent
terms are banded operators . Then

,
for very small S, the

¥ of O eizmval is no bigger than for 5=0 .
⇒ The bald) e E balm
This is not true in general , of course .

N is specifically
the fixed pts of flow generated by K

.

.



In determining the # of O - eigenval of Hs ,
for Ss>o

,

he can express the Hirzebruch signature of M in terms of

N
.

we also obtain a version of the Lefschetz fixed point them ,

where the contribution of each corposant of N is an integer
(its signature) .

Klasky , dropping the condition that K is a killing wetfoetal ,
he can obtain from the s→A linkof 1dg a proof of

the Poincare - Hopf them .

These are all variants of the proofs based on the

index theorem .

-



let 's return to our mash goal : Count the zero
eigenvalues at Hs -dsdj tdsds Ls fo)

Nate .
.
If Itsy -- o , then O -- ( Usd,y )

= Ldsd!dit ) t GEdit .
= IDENT t IdsQT

⇒ Is 4=9*4 TO .

"O 70

So Itsy --o iff ds 4=4*4--0 .

Hence
,

if X G Ker Hg , then if e Kerdf -- Ker Lk .

So y is invariant under the isometries generated by K.
S. we restart our attention to TE Ker Ik .
Since df- O in T, view Is like a cobandanyoperator .



Using shear technique as Hedge theory , one Fonds
ke K zero cigarul et Ils = dim Curds(finds ) .

The definition of ds can be made independent of a metric
since it relies only on tu wot field K . S. it is instep of
Kc invariant Riem metrics .
-

To show the # of O
-ezmrnl is tidy of s (so long 5¥01,

I conjugate by et
P ( I don't think P is the momentum

operator) .
This does not change the den of herdstends .

So e-
t Pds ed P = e-

'
dsl , s

'
e sett

. Tuning 4 , we

see have our S - independence when 5€ O .

These arguments work also on country he # of even
or odd o-energy

States
.

Let there be devoted Uf
'

g n-

for Hg acting on Vy 's V
- .

Tren ne
'

s n
-

one ihdep
of s i n+ - h . = XLMI Ruler

characteristic



Next Goal . - let N
,
= sum of even Betti #E. f N

.

N
-

= 4- add ¥.

④me a±7N± .

Clum :
.
we only need to show one of these since

ht - n - =N + - N e
-
-X (M ) .

(ble ht - n. is idea of s)

Assuming this form la ,

at 7 Nt ⇒ N
-

-in * ←Ytl = n - =3 N
-
th
-
.

-

Depending on whether n E din M is oddterm,
we

focus on

sharing n+SrNt or n- z N- i
.

It No he any conn componentof N 3 of a diff form

on No ahhh B cloud but not exact .

let MINo) be a tubular nghd of No ;
it has out Ldk

structure
.

Her
No



Cet § = a
*

y .
The action of K en of is to loft te ta Maf)
then use interim product :

µy! lift k to fibers to get a gun
,

heatfield on M(No) .
H
*

MIND Ees HH luau,

fait @ far

% try :O ..

H * No Ths H
*"

No

Also
, dnt = tidy

-
- O⇒ ds T -- O .

Abe
,
on MINO) , it is inpsssihhe to satisfy y~zdsd . This is b/c ,

on No , K IO so ds = d en N . Then Ialso⇒ y add buty
is not

Horner
,
m 2MIN. ) , dip

'

a dsf are near. .
"act

.

we modify them as follows :

let K
'
= glk ,K) ; it vanishes only on N .

let Me be pts
et M s.t . K2⇐ q for some es O . let E be small so that

me amend . e.am#HttItINtttItttNo



def f.MIND→R best . 01%0=1 ,

flat --o for K'Hye
let IT = g - dual it K. Ble k is a killing v.f.
one can show q d tf = -df k

') ( I can 't )
Amrit

⇐
o-- que 't tf ol

'ltildkttso "( KYdEnde
t Es lo

"'ltildkndkndht--
The series terminates shoe needanM → -

Claim : If n even
, also O

.

If a odd
,
ds 0=0 except
in degn .

In-2 .

then or Kk't tf ol die
.

0
TO

do-- MY due't t Is lo
"ltildlklndkttsdlk')

" " d 'E
- cudte tadhg

=
- 0/4124 cud te .

* deg3 so = o as
-
-weri

Also
, s geo - scaly!KY t § folk' ) indie. sadso:O.

O
b/c dega - I



Based on these patterns , the dash is confined.

let y ÷ If no .

Assume y is evenCedd ) it n is

O
even Cadd ).

Then dgy -old tsck) htro) um

= dntno trend o t scarfno

= ONTndo .

I think this is correct. Hauer,
Witten says dix-07

Also
, X B not ds - exact . If it were, that replies
Y is exact which it is not .

So for every even ler odd ) cohem class of N
,
we

produced an object X which is closed but not exact
in the sense
of ds -

I think if fix] = Ex']
,
then Jeff 'T

.

Then
, depending on n everyadd, relieshun night er n-HK.



Nmfs prone converse inequalities : Ny Z ng I N- 7h
.
.

We compute : tf = dsds't t dfds
,
let Retinal ofK

= ldtsl.nl/d*tsKn)td*tskn7Ldi-scnl
-

hedgeoperator

= old *ad'd t s d@ n ) + sq, dit t securing
lkikkk'

d*q t s Ind ts' Inge .

Fm"

a.tame
what

t.d.in/.::::::::su*n.÷i÷÷÷
Witten says we get

Hse D + 5k
' tsldkh told KY )

a
adjointof Cdk) h

.



The potential energy re VCof) : s't
' (ch. More situation

The proof is s.hr/ar to the Morse case

I 5 IdfT )

-only
Assume k has' isolated zeros . By Poincare - Hopf ,

if the

indies add up to nonzero
, then X(M) K o ⇒ Isn M -- n is

even.

Claim :
when K has only isolated zeros . N- = o g

Nt = He of zeros at K .

14 : Near any zero A of k we can find local curd centered at

A for K 's H
,
can be approx . by a 17g .

Similar to the

Morse selfNy , one car diagonalize Its 1 I ! zero ezraua!
all others are on the order of S

.

The one two e.general is in Vt .

So the one N
+ States

in Vt whose energy does not d.barge w/ s } crane in Va .

So at E Nt ,
n
-

e N
-
= O . By prow begunlily ,

ht-Nt .



If K has non isolated zeros
, he discusson a like the

Morse
- Balt setting .

-

Now
, Hs = @std's' )

'
l dis 't @E)

'
= O .

So

the dsd's td¥ds . let Ds = ds t d}

Softens of Hs } c¥ { zeros of Ds}
Decompose V - ht t V- 3 Ds = Ds + TDs- .

Note : Ds.± : V± → Va .

It can be shown that Ind ( Bst) is irdep of s

I so when 5=0, Ind (A+) = X(Ml .
When s large , Ind (Pst ) = Ng -N- --X(N) .

Se XIMI -XIN)
,
Ms the zero set of

K


