
The strong Morse Inequalities . I>,o
E

[Mp -L P - E Bp to = Ht t ) E Qp t
P

Th B eqn B equiv to the assertion that the crit pts model the

old homology of the mfd M .

It's saying that the difference on the LHS has a
"

positive
"

leftover bit . e.g . Mp - Bp = Q p tQp some exact things
shifted up by a

boundary operator 2.
We already hone our Ceo)boundary operator ; it's the de
he saw from before

.

-

Witten
goes on to attempt refining these

Morse inequalities
.

he obtained the inequalities through an approx calculation of

the spectrum of Ht . A more accurate calc . could g.ve better
bounds

.



It's tempting ta Hy computing the higher terms like
Bmp

. dis . -
Honorer , if Amp vanishes , then these higher terms vanish in

Yf . I'm not clear on this explanation . He says
the higherterm,

are computable w/ led
data 's so we don't

know if the

existence of a wit p't is dictated by global topology
or

If it is "removable
.

"

-

de Ka gam new info, we study something sensitive to the

existence of multiple crit pts. A good candidate is

V lol ) = t
' 10h12 has a minimum

for each crit pH
-

Witten interprets the flow lines of Dh t the boundary operator

in terms of tunneling Lor instantons corrections)

Rink . HR reference for instantn corrections is Milner 's
"

lectures on h - cobordism
.

"

Typo ?

Notation .. Xp = R- out space generated by index p crit pts



requires too much

energy

"I
The way bitten assigns orientation to flow lies is interesting.
At a crit pt A , here is a state Ias of E O energy .

Suppose I as is a p-farm .
Then let VA = erect space spanned

by negative eigenvectors
of DV
-.

at A
.

din VA =p . let 17 be a few 1.he
Doli Dop

from B Linde ptl ) to A .

let u be the tangent act of M at B 3 FB -- cut in VB .

Orientation of fog is inherited from VB . I flow lores near P

grebe mapping FB Is VA . Lf n
,
= q.tl, ; fg preserves orient

reverses orient



Of courses u la is ) = Tp np I 81as = InLa.b) . I b)
Instantons calculations show that status net annihilated
by Dg I 88't t 8*8 do not have zero energy.
In fact

, for large t , he energy is roughly

espI-2-4HAI - h CBH) .
let Yp = # {o . eigenstates of Dg acting on Xp}

We see that Bp E Yp . Does Yp =Mp?
One cannot answer this based on histartan considerations

b/c some non zero energy States may be at approx zero

energy 3 is undetected as nom zero using perturbation
theory techniques '

g instantn calculations . The energy

decays more rapidly then esp C-Ztlhltl -hiB) 1) .



Derivation of Stas = Eg nCa,b) ol by
The system described by de , dIt , He can be obtained by
canonical quantization of a Lagrangian KlempHunted)
I wonder if this is some equivalence bfw Hamiltonian

{ Lagrangian formalism ,
the equiv . furnished by a

legends.sn .

L has terms curvature terms I also seems to have

a time coordinate X .

S, we're in a (dim M ) t I spacetime ?

I think Witten discards the fennsmoe terms a L

} assumes the manifold is flat Courntuere terms vanish)

in order
to write a new action ;

I -- ISH;D dgiategiithzi If;) di
T

metre



The art pts of L are the instantons solutions
,
aka the

tunneling paths or flow thee ,

f ( hlost - ht- as))
Voa manipulations : ily

I -- If I d¥. ± egii ftp.fdtttfdha.dk
-

70

⇒ I 7 t / hLd) - h C- as) ) ( take limits)

I tune 's equality iff

date egii Shaq, =o
This

,
if T is a flan lie b/w crit pts B 'sA

,
then

its autism is

I ← ICT) = t IhCBI -HAH .

The instantsn contributors to He one of the order

exp L-2I ) which explains why studying
instantons

cannot anime whether Yp = Mp . Gee two pages back)



Rank . Apparently , when calculating instanter correctDms, the
nest step is usually be the evaluation of the Fredholm
determinant for small fluctuations about the classical
solution . But the nonzero eiger in 1 Hw bosons 's farming

cancel due to SUSY. I . no only have zero eagen-al

of fermions left .

let M be a tragedy bln A 's B .

Tien

Iad# = Iad lay - Ind IB)
- - r

Fredholm holes of those indices

Dion operator hearted
at th-
We went to study the cases where tea Dias operator has
exactly one O - eigenvector (aka zero mode on hmmmm spinor).
In that case din Ker $ = 1 I possibly ,

Indy = I = 2nd LAI - Ind (Bl . In Morse theory ,
we care

about Andres

differing by L .



“The normalization factor associated with the fermion zero mode cancels 
in magnitude against the normalization factor associated with the fact 
that our classical solution is really a 1-parameter family of 
solutions” (because any solution is still a solution under translation).

Rahi Witten gives a physical reason for studying
the case where the Bike operator has exactly one
zero mode : it lets us evaluate the acksmotdf on way
(on energy States ,

'

s if's about that df is them on

fermi fields
, apparently . As a byproduct, we have the

Morse themefor reasons.

Of course, if the trajectories b/w
A 's B Ladies diary §

are
isolated

,
then § has. exactly one zero mode ;

€)

it can be calculated from the classical solution by a SUSY

Witten says : g
the normalHatim may

be the transformation
boson R Zero mode . . .

I'm not sure what he means . The second part seems to be
about questioning the space of solutions by IR to get a moduli

space of trajectories: MLA , B) quot.why is the normalization L?)

perhaps he means : d.hr/fker$pyR)--O--dinNlAiB)



Claim : let la>
,
lbs be eigenstates assorted to crit pts

A 's B 's P is a flare line b/w A 's B
.
Then

,
he

q(b
,
deal of P is exp L -t 1hLBI - HAH!

What is amplitude? I don't quite know on physics terms

but he eigenstates Ias l l by concentrate and A 's B
,

resp . So they decay rapidly away from A l B . resp .

Hoener
,
the decay rate , Kst along trajectories like

P '

g
the decay rate is exp I- thiol ) which looks like

e.Epl- t th 1131 - HAH) .

µ lbs I a)hi. Ake
-

seems 17 is the path of B A
steepest decent so

is the÷÷÷÷i÷÷÷÷÷:÷÷Yt÷ one. ..



Before
,
we discussed how to give signs ta I? The

physical interpretation seems to use P as a propagation
of state lbs to lab 's ghees the sign of np based on the

sign of the amplitude Lb Ideas .

This is the WKB approach .

This discussion suggests that the boundary operator is.

I lay = § e-
t CHIBI -hot) )

n la , b) . lbs
.

I think the amplitude (bid, ay = Tp n, e-
t (h 1B) - HAI)

However
,

we can just undo the conjugation by
eth in de .

he eth don't carry my Iss in defining F.

This g.hes 8- which is just a rescaling of JT.

But then 510⇒ 82=0 . I we knw that

S -- dt for large f . S. Tho
⇒ 82=0
⇐ DE --O



Lbldta) EJMLB ,
deasddvd

= Smbntdea
= fmbnetldattdhna)

The claim is that
atheist -hla) )

( b Ideal - Tp nee as well

'

= ncqb) e-
81%7-6111)

this is a bit

confusing w/s . Blas = -2µL bld.ca) . lbs km
;÷,

tanto is a5. Eta> = ¥,@Ideas -Gide 's)) - to boundary .


