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1. Introduction to SUSY I QFT

In
any QFT ,

there is a Hilbert space theft d- H
-

Bosons : fora - carrying particles , integer spy
bosons fermions

Fermions : matter particles ,
half - integer spin , obeys Pauli exclusion

principle
-

SUSY must have (Hermitian ) symmetry operators
Qi

,

i -c l
. -IN uhrh map Ht→Ht

def: GIF will be the operator E- IF Iq± = I Id

Basra conditions of Susy

1 . ④ I
"

Qi t Qi C- 1)
F
-

- O
.

The Qi are odd

2
. If H is the Hamiltonian ,

then

Qi H - H Qi -0

Note: H generates the translations (it gives the
- dynamics)



3
. Q? = H

4. For itj , Qi Q j t Qj Qi
=0

.

-

In relativists selfdrugs, we have Lorentz transformations
ahhh intermingle space 's fine translations . In this case,
we have further andifbms .

Take theshiptest cease : It I spacetime ; has only one
momentum operator P

.

In this situation
,
there are only two symmetry

operators : Q . I Qz '

g they satisfy
-

5 . Q1 -- Htp
,
Q? -

- H - P
,
Q . Que QQ ,

-
-

of
.

Es:*:i.si:::
light come Rmk:itmmgof the Hamiltonian H

.



(5) t Jacobi identity genes

6
. [Qi ,HI -- [Qi , P) = 0

Observe that G) also goes : H -- te lait Qi)
Iroh is p¥¥d (Q. . Oh are Hermitian)
S.ua the Q .

. are odd ,
then H I P are even '

g

LH ,
HE] e LP , HE] -- O .

-

Most Important Question about a SUSY Tenny
Does there exist a state IRS sit. Qi IR) --O for

Ut) each i ?
If I I

.

then H IRS 20 ⇒ it has energy =O.
Thus, I is a vacuum state ; ie . a state of

minimum energy .
Rank i The number of such solutions to it) is not as

important as whether there are any.



Assuming SUSY :
I solution to Gtf ⇒ bosons 's fermions have equal

mass .

In our experiments , bosons 's formosus do not have equal mass.

Thus , if SUSY a true in our eumhrerse, there is no such

solution 3 vacuum States must have positive energy .

In such a world where LM has no solutions we say

Emmetry
B spontaneously broken .

It is very difficult in general to show if ft)
has solutions . It is akin to sharing the Drone
operator on a opt mfd has a Zero ergemahe.

I. Indirect methods may be better.

Note: Q: Irs -0 ⇒ P Irs --O .

So restrict attention

to Moe O - eagerspace of P. A state in Ho
,
if

annihilated by one Qi ⇒ it is annihil by any Qi .
Choose me, call it Q .



We frame this am as an indes problem :

Smee Ho = ftto @HI , decompose Q -

- Q; t Q- -

we have Q+ : N;→H
-

o

'

g Q
.

c- QI ladi.int)
If Ind Q+ I din KerQ+ - din Ker Q- F O

,
then

Q has a zero eigenvalue in No .

Claim I : Ind Qt - Tr Ctl ?
Claim2 : Nae ae Susy theories y

Ind Ot Io 's

% there is no spontaneous symmetry breaking.
-

Further Remarks on SUSY : { so they come in pairs.

The idea is we can interchange
bosons 's fermions. It has

never been observed .

But it gives localization. we have some complicated integral ever
an D -din space of commuting 's anticommentary fields .
SUSY says we're integrating something like an exact differential form
'

g so the integral localizes at the critical pts .

This reduces the integral over a fin -damn moduli space .

cop . instantons , algebraic curves (Donaldson , Gromov-Witten)



Z
.

Morse Theory (simplest SUSY Qm system)

let (M ,g) be a Riom mkt ,
did 't the esters
denature 'g its adf.int

let Q
,
= dtd *

,
die i Ld -d 't) ,

ft. Oz dd*td*d

It's easy to deck : Q? IQ? -- H , Q . Out Qa QE O .

P - even =
b-sons=4p - forms ) ,

p - odd = term""
wave signslet him→R 's lek

.

Define a

de -- e-htdeht.dfteehtdtte.tt
multiplication by
eht operator

If we let Qu -- de tdt , Qu -- olds - dit )

Hee dedi e d
'Edt ,

we have something just as above .



let y be a diff form idk} an ON B of tangent vectors at pen.

all can be veered as an operator on Afp M by interior multiplication

9hL 4) = Lahey . The dual operator
ate * is operation by wedge

(annihilate)
(create)

de d = e- th d Leth d) = Eth teeth dh no tethdoo)
= -Ldh not do

.

I . de -- d t t -2,3¥. a*i finally)

similarly
, dotted 't t t ? Fyi ai ( locally) .

This helps us compute

He -- Ot t.FI?gopCa*iiai?
We'll see later that this term is very important 'g

represents the potential energy .



def
. Bp (f) = Betti # ul df : dm of space of de - closed

p -forms nhrh are not de - exact

claim : Bp Hl = Bp E Bp lo) ← the usual Betti number

El : dt is just d conjugated by eh? ahhh is an invertible

operator . So y ↳ e-hty is an invertible mapping

from closed but not exact p -forms to df closed but not de esact
p-forms . I

Moreover, the number
of harmonic p - terms in the sense of He equals

Rmk : Thos independence of t is useful b/c as t→as
,

Bp .

he spectrum of the simplifies . We will then place

upper bonds on Bp wshgcnif pts of 1h .
-

How does h enter into the ? let { ahelp)} be an ON B of TpM .

Regard it as an operator on A
*

TpM : if↳ La, yr Canter.sn mutt .)

Then ate 't is he adjoint : 4↳ A kn y

Runk : Tn physics literature,
"dual l -form to ante

.

ate* = fermion creation operator b/c it increases degree Y wedge

a
k z fermion annihilation operator 8k it decrease degree



da a Room mfd
,
it makes sense to take a covariant 2nd

derivative in the dual basis to ale . I
.

He add
*
t d
*d t t'll Ohl

'

te?,p÷hap. Laima'TTE T.mu#
Nhk- gii haze ) ( Foil our

stuffst→a, Holl I -14dm
' becomes large array from the

crit pts of h .
when dh co .

Thus
, eigenfunctions of Hq are concentrated nearthe crit pts.

"'

Lifts
. me..

So the eiznfm approach sums of Dirac -delta f
"

.

This alludes to the localization idea from earlier.



Claim .. Asymptote expansion of the eigenvalues in pairs

of Yt can be calculated w/ local data and critpts.
-

let h ,M→ IR be Morse w/ ont pts pa. The Hessian

D
'
h

Dpi;
is nonsingular

let Mp e A cat pts w/ Morse aides p .

Prep . Mpeg Bp (More Inequalities )

Rtpof :
I . Using perturbatom theory ideas , approximate

He hear catpts.

by an genatar HI .

2 . Compute the spectrum of Ttp
'

g conclude that
to every

crit rt of h, tree is only one eigenstate ofHI whose energy
does not dinge w/ t .

3 . Not each eigenstate et te is an eagerstate of the but he

converse is true .

I
. Mp 7 Bp .



In more details :

let lip
'

µ be the nth smallest eigemal of Hy :

Kiit ⇐ TIA:'t
'II r CIIn ) .

Of course, Bp = # { ne IN : light -- O) . Also , for target,
#{NEIN : If Hl - O } f # {now : AF' = 03

1

It suffices to show : The RHS = Mp .

let ¢ , be card at . at c-it pts pa , di -0 .

Then near pa
,

h coli ) = hlo) t t [ dig
,

? t Old
's ) for some ti .

We approx the near pay

the =? tzq.tekio.it -Hila" , a:3)- -
H . 11 .

Laplace
[ Hi ↳ tenia ki tether



The correction terms 0(03) can be ignored if we

only wish to compute Alp" ( again relying on
the eight"

f. concentrate atcritpts as t →as)
s. The -- E (H, * Aiki )
Claims : o Hi

, kg mutually commute 's so can be simultaneously
diagonalized .

o H; is he simple harmonic oscillator whose eigenvalue
well -known : t It! (I t 2N; ) , Ni - O , 42, - . These

appear Y multiplicity I
• Note that he eiznf" et Hi vanish rapidly if

I ki dit b Yfc ⇒ the approx The is valid to

lamest order in Yf .
o Kj has eagerrat ±1

The eigmalef He are :

HH t ? (Hillel tutti ) t ki Ei ) , Nie 944 - u.

.
Ei -- It



Wilton says if we restrict ttefgyp ,
then the * of

possible Ei for the Ki 's must be p .

Notsure why

For It) to vanish we need all the Ni --O
'

g q = t1

II H L O-

:
.
fraud any on

't pt , HTT has ate zero eightn which
is a p - form if the crit pt has Morse index p .

The other cozened are proportional to f w/ positive ↳elf.]
Then Ha) esplicitly gates AT' in the spectrum of the new pa.

Emei.es?.:::tsti::::n..::::::::
crit pt has miles =p .

Now
,
He doesn't annihilate all of these lab , just the

lending A'f
' terms . But He does not annihilate any

other states b/c they have energy proportional to t for

a :# Item energy p - farmsy = Bp Emp . yyq
the t ' ]



Ronk : This shows that there is a l- l correspondence
b/w States Ias at. te lasso } crit pts of h .

Since the E QI = (de t d¥5 , then approx. either

lay E KerQe or Qelas c- Ker Qe .

Thug we've found some approx . solutions
to :

=\
in this simple case Y Z

Q,et as = Qzelb ) Z O ' symmetn.operato.rs
This means that the number of s use vacant B

banded

below by Ip Bp ← a topological invariant of M !


