
The Poincare
. Hopf Theorem

with Morse theory



Recall : the index of a smooth map f:M→M

at an isolated fixed pt p is defined loudly .

.

think et f :Rn→ IR" '

g V as a ball around p
'

g

here are no other fixed pts n T (closure) . Then the
Gauss map V : JV→ S

" - '

,

×↳
X - Ha) ← makes

f.p - sense bfe
Xx -FKN aim in

has a degree; so indpf E deg V ah locally.
This is ihdep of V.

tip

def : Transverse for nondegenerate) fixed part p .

dpf does not have eigenvalue 1 's is a fixed pf off
.

Claim : If p is a transverse fired pt, then

indpf = sgndet LID - off)

Just theorize Vfp '

g w're barratry following def from there



Now
, given a reef fold X on M , its zeros are fixed

pts of its flan et
.

def .
. ht p be an

isolated tens of X .

Then

ind p X I ind p 44 for some
small t so .

-

If f :M→ CR is Morse, then let Vf be the gradient

not some Riem metric . indp Pf is bebop of the metric

1 locally ,

if cel is the flour for Ptt , this dp let = expLt Hp)

where Hp = HesspH -

p is nondegenerate⇒ of spec Hp ⇒ I keep Http) .

So p R a transverse fixed pt of oil.

Diagonalize Hp ; then exp (Hp) = µ
'

c

,%)O

where KE More choler et p .. So Ln - K ) of these are 21 I
k of these are C 1 .



Then Id - eep (Hp) has He ) diagonal entries c l
K X > I .

sgndet LID - esp (Hpl ) = @IT"

I think we should multiply by ④ In

*,

Kane mtg
Poincare- Hopf ) for any beet field X on M

,
we have

them
[ indpk = XIM ) - F9Ymaknta
XIPKO

pfl .. The idea is defined via M degree of the Gauss
map

of the flow . Degree B a homotopy omasrmt g tu flaw

is hometopic to the identity .
This shows that the

sum of he indreg is ihdep of the red-faced X .
5. pick a Mare f" f 3 ht X z Tf

.

pm pm computation 1*1 , we have that



Tq
,
oindp Of = Tell

"

mk
,
my = # of index

K wit pts .

Now ,

if bae = teth Bedi K of M , then

by E Mk . Hanover
,

the alternating sum of the ranks

at the homology gps is equal to the alternating sum of

the ranks of the drain gps from nhrh homology is
computed .

e.g. bo
- b

,
= din Ker 2

o
- ( din Ker 2

,
- din Indo)

e mo - din her2 ,

bio - b, t bz E mo - m ,
t din tear22

:
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stun ¥4,otndp
Of - Ees" he =X(Ml .
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