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let w be a cod in 2 spacelike surface . It

has two families of future- pong null geodesics
orthogonal to W .

incoming.µfg.mg .

Pick the mtgmyfamily.
It is a @1) mfd U
on which the metric is

degenerate [null " )
W
-

Null geodesics don't have proper
time but # a are

parameter u Lceord ,

'

g this is well defied up to

U hes auth
,
a
,
b ER )

while makes the geodesic eqn simpler :

d e O
.

d
' ut

can make u zero along W I teen the
metric can be written in these road .

.
kind



The metric et U is die gij IF u ) dxidxi .
Note he degeneracy b/c du does not appear.
The null Ray chaudhuri egg is he Einstein oga

Run ' 8 a G Tun
.

let A. detg ,
It . 2A .

.

ai Ia .

Equis, O ' t tfg
- '

god .

let Mj = true tree part of
- g

'

g are
Null Energy Condition :AtemhptsinsheaX
each local Lorenz frame , Tun Z O .

This is not
affected by a cosmological constant ; is

satisfied by any
of the usual relativistic classical fields

.

The strong energy condition is impacted by as21st
.



Assuming NEC ,
the Eastern- Raydrmdhrr our says

-that

2. til that Teo .
As in the timelike case

,
if at a pt W ,

the initial rake of the

milespanam is
•

A/µ= -7 ,
4*0

,
then thegeodesic will reach

a focal pt Az O for a singularity A- ed) at a value of the
Ifm parameter

uEddy .

in the null case

I . like the the like cases kamledge of focal pts
"

gives singularity
-

Huns
.

For each W ,
here are tns families of outgoing ortho my

incoming 's outgoing .

So there are tin mill espenson,
H°dlhU

.

which can be positive or negative
def ( Penrose) : A trapped surface is a compact , spiky adhd

mfd W s.t . bath null expansions are negative .



Motivating example : surface beyond horizon of a Schwarzschild

black hole blue region =
in 4dm Yf¥\ collapsing star

Bµ "Edi:time :
red dot a 2 -sphere
behind horizon4¥¥÷÷÷÷÷÷.( a minimal hyper

Stad)
r decreases so he and

decreases as well . Hence
,

the name trapped surface

In more detail , since F c O
,
no

,

#

then Eg c O ⇒ Ipa < o ⇒ both expansions are negative .



In a globally hyperbolic spacetime M af inAral value surface 5,
if C is my

achromat set
,

it is top. logically equivalent to a subset

of S .

Just flow 5 in the the
direction

.

- C if C is not a chair, all
,

B
↳ b b then

,
this projection is d b

- Tss
s

not inject .ve.

-

Obama
. let XD ,

s ) be a globally hyperbola spathe w/ 5

bring a noncsmpact initial rat surf. Then for any subset C ,

JJ
+

(C) cannot be apt.b/c 8 Jt (C ) is an
achromat mfd of

dim = dins = D - l . S . it will be team ta a submfd I-5
.

-But non opt , can n mfd 5 cannot have apt cod in O submfds
.=

Afar
,
in a spherically symmetric case , one can solve the eqn

§ demonstrate the formation of a singularity , e.g . asymptotically
fat

Use the fact : outside the star, the Shuartschild solution
wife. In vacuum ,

a spherically symmetry solution is unique 4
its collapse. tends to the same outcome. as w/ Schwarzschild



Penrose's motivating question : Does a falling matter still collapse to
a singularity if we do not assume spherical symmetry ?

He introduced trapped cartons { show singularities occur once
- (at least predictarity) ,

a trapped surface forms
.

Trapped surfaces are stable under small perturbations of the metric so
these singularities form generically .

---

precise than : let IM
,
s ) be globally hyperb. kg S zong

t
. Suppose

( Penrose) M contains a opt trapped surface [ Then
M is

geodeadly incomplete : at least one ortho null geodesic from C
cannot be continued indefinitely onto the future

.

Tweet : the reason the geodesic cannot be contained is not b/c it

ends in a singularity .

harm are escapades where he geodes .2
cannot be confined yet there is as shgutmrty .

Counterexamples supplied by Anti de Sitter space .

Singularity means you can 't con the spacetime as a smooth
mfd

.



ptl : suppose every future gahgm
"geodesic is estendable indefinitely ,

Gua C is a opt trapped surface , its mill uponsims Typ s -X, do
is everywere aegafde

-

g s. the exists the band →
.

The future- going and geodesics are extendable indef
so they can go

beyond a he distance DII . By Ray . egos , they can extend beyond

them 1st foul pt .
War -2J c) consists off pts on the flue-going ohh. and geodesics

from C that are not beyond facial pts . If l is such a

geodesic whisk does extend beyond its 1st focal pt, then the part of

f in 55cg is apt. C opt⇒ 284C) B apt .sk of
the apt segments .

flower, u've proven before that 2J%) cannot be apt. tf .
; , not every future -going erths null geodesic is extendable

This thin doesn't tell us much about the indefinitely .

region inside a black hole .

Hanover
,
the ideas ⑧

developed to lead quite easily into understanding
black holes so long as we make one more assumption .



we assume nothing worse happens i . ie . no formation at a
naked singularity visible to an outside observer

why is this worse ? It seems we post don't know how to

deal w/ them .
But if there are we

naked singularities , we can
develop a theory .

Penrose introduced
"

G¥ : oh
ayy localized

process n an asymptotically flat spacetime ( e.g . gravitational
collapse) , the region in the far distance 4 far future continue
ta es ist

.

Moreover, there is n,
naked singularity wine ta a distant ebsener.
-8shaped antics are to be hidden behind a horizon

.

Tim: if cosmic censorship is true
,
that world be rather

surprising .
This is b/c the classical Einstein eggs have no obvious

stability properties . we blade hole collisions

Some reasons to believe in cosmic censorship : observed by LIGO did

not generate naked sign Iorities ( nor have simulations ) . They
just form larger blade holes.



This question about whether cosmic censorship is true
, is

perhaps the outstanding unanswered question about classical

genemlrelatn.by#
let 's assume cosmic censorship

.

def . A black hole region B in spacetime is the region

not visible to an outside observer .

More precisely : let I be the
world line of a timelike

observer who is more or less
at rest over great distances,

in
.
the asymptotically flat region observing

whatever happens
let J

-

( I ) a causal past ; all pts from ahhh the
observer could recede a srghal . Then B = Mfg -LI )
{ the horizon H -- JB .

-

prop .. A trapped surface W B in B
.

So signals cannot escape .

pfl : Suppose a squad descapes .

←
iiiieiiie 'RE. Yanni :f¥.Yann

.

this signal is proud as It is the&

first matinee
. :. it is a future goingand gendesire it to VW

, n£¥¥
,



Since W is trapped ,

there is a fecal pt on l within a tenam
bald a the distance from W

.

The observer can be

placed for army shower , beyond add focal pts .

is a
contradiction

. Y

Recap : ? Penrose showed incompleteness den here is a trapped
surface . small

2.Trapped surfaces are stable under
" perturbations of the

geometry
Need cosmic trapped surfaces have to be

inside a black hole
3

. heyDm .

censorship
assumption There are trapped surfaces for the explicit

Schwarzschild I Kerr solutions
-

so Far geometries close to Schwarzschild / Kerr ,
black holes exist

generically . (Again assuming cosmic censorship)

AlsW c B
,
then J

"

M c B

Note : Blade holes can merge but cannot split
in the future

.



Heritors blade hide Him later u 'll p me

µ
"""
" " " "tht " ""

e ::iii.men:observed
.Ales

t' l
,

qe If
i 9
. g#¥ -

. -
red line of an observer

-

'

' l so signals
H "

a % b.
'

Taner
[are null geodesics) En→ q

nhrch converge to l Ln → l
.

Homerun
,
as n→ es

,
the pn one farther 's father in the future

.

ie r writing lag : l , pay is not on I
.

it is at t.me#b

So the signal l never arrives to be observed .

Claim : l is completely contained in H
.

It dearly can 't be in tu interim of B but it can 't be exterior

to it either, bye than true would be communication to the
observer

.



In the same situation as the poor. page :

New pick 5 ,
an initial atme surface 's qe W = Sn H

.

It must be fee case that LI W . I it cannot have

focal pts. I . l is a prompt causal path from W
.

The ortho null geodesics from W that stay in
the horizon

are called horizon generators. Every pt in W p
contained in

a horizon generator . Together , they sheep a DL - l ) mid H !

H'cH{reww,H'
Hawking Area

Then : The area
of a black hole horizon can

only increase as the passes
i ice. area

on s
red on initial rat surface se

ta tu future of S rs at least as large as the area
moored atS

.

(again , we
still assume cosmic

censorship)

Additional Results to discuss :

• Topological Censorship

• Gao - Wald them

• Average null energy condition ( ANEC )



Topological censorship : let M be asymptotically flat is an

initial value surface . Although there may be a wormhole in 5
,

a causal path cannot go through the wormhole 's come out the oth.y.de

5 In 3ft spacethe ,
dans =3

.

✓ Existence of a wormhole ⇒ IT
, to .

Replace S Y its
unversed cover5

.
We get an eqonv picture

in ahhh 5 is sup ly conn
but has more then one asym flat again .

-

S

-
-
-
.
.#

dlotnathg .

.

no analytically continued Schnwoschild solution :
log . black hole
← topological

censorship holds an
X-man Tavern general , not just for

quaked white hole
universe Schwarzschild



Topological Censorship actually holds under a creator condition :

Average Null Energy Condition (AMEC) .

AN EC : let l be a null geodesic 4 altar parameter u running to

at both ends
.

Then

↳Tua du z o
in the sense that he

operators has non mega
the

expectation cake in every
quantum state .

Caveat
. ANEC is not universally true in QFT.
It is believed to be true only for null geodesics that are achromat
'

g complete k both directions .

we diverge 's discuss the Ga . . Wald them before returningto
ANEC

.

-

Gao - Wald : The Ads(CFT correspondence is compatible w/
7hm causality I under ANEC hypothesis B enough)

more precisely : let M be any
Ads space the . By adding some

pts at spatial infinity ,
we get a partial conformal compactification

of M
. The pts at A make a Lorenz Sig mad N

.
Ads /CFT

duality says that a gravitational theory on M is eqnv to

some conformal field theory on N .



To discuss causality . let q , p o N w/ carnal path 4- them , contained in N .

Say the causal path o is a prompt null geodesic .on the boundary
N
.

Is there a pt p
' ow to the pastof p 's a causal path f from q

ta p!

contained in M ? If so
,
then the duality is in comfort of causality .

e. g .

let M -

- T
* D2 , N

-

-T
't
s
'
.

d is confined to N

p p passes through M
¥

d :if it
⇒



AN EC in 2-dim Minkowski spacetime is int positivity of energy .

let at = At t be light come Goard . A null geodesic is

for example , X
-

= O. The hall energy density Tt+ integrated m he

and geodesic is
p
, =f*I d 't 70 .

It vanishes only for the vacuum
state in any Lorenz

- invariants,
For D 72

,
theres more interesting behavior.

let H --Ex
-

= o} be a null hypersurface.

It is
ruled by null lies (geodesics

✓
mma:*,

p*zJµdxt DE Ttt
Atx) e f di' Tx . .

So P+ = SALE) di .

ANEC says ACE ) > O VI 's my e- .



Ny Ipt
, Akil ] -- O .

left vamaimum stale
.

g. AIR)D : D hone the sane Pt ⇒ AMR is a multiple
of SL .

In fact ,

Not sure what we should take
Abin -- O .

array . -~

Canter esaple to ANEC
ds2= -df

' edd
,
KELTER]

M -- T
"

s
'

The AYVEC integral of l B

tf :{Tmnt: it:c::i:
µ from l to itself easily ;

f
£8 the b he lie

.


