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Causality in General Relativity
let fhiiiy be a spacetime y g
a LorentzSm metric of signature
L-t) . Then for X E M ,

Tx M appears as#×ik l llight come



det .. Causalpath:

J :b, M s causal b/w pts q ,pen

if g. the Lg light come at Nfl )
feet

, D I -
causal

4hm : The space of paths b/w q 's p
,

often denoted Dgp 's called the

causal diamond
- .

is compact.



nonexample . let 42 , g= -dt ' t day

¥÷9 In th -- Lt . sin lane ) )
.

Then ja has us convergent subsequence
Towner

,
if we take causal paths

,
thug

imposes the condition I Feel as I
⇒ the angle of f y ne x- axis
is no more than Tyy .

This band on the derivative is enough
to apply Arzela -Ascoli .



Thus
,
we have compactness in our esrarple.

philosophy : Causal paths are the key to
understanding black holes .
~

.

compare special 1 General Relativity
-

S R GR
-

• global time defiled / o
'

local fine defined but
global time B not

deals w/ constant o deals w/ forces; ie ."

whistle 7.innings .
•
the is sort of singled out reference
as a special dimension : the others not special (hence
light one is oriented around the spacetime) but the metre
fine axis (even up to bent does have signature L- t t t) so

fansfarmatoms
think)

here is a special direction at

any given pt .



Proper time of a path :

T : PM-R

-uol.S.is#sk*F comet;
-

se

T is upper semicontinuous . ie. Say In → j . It
isn't

necessary
that try n) → T (j) .

In fact if Tlyn)→To,

then To E T (f) .

Car . Twin Paradox .

A I Bae turns ,
A travels y

accelerator 4 returns to
earth while B travels along

geodesic by remarry
on
earth . A is younger upon

coming home ,

then B
.

why? There is a
Lorenz frame of red for B

sit
.

she is at rest but no
such fame for A (duet,

acceleration) .



Global hyperbolicily , ÷:÷:i÷÷÷÷÷:
( L initial conditions) .

Think of all pts in M as being in
the past or future of C

Chat bath ) . Or en C itself
'

ansut paths can be continued
to raft"
- c

I

Intuition : any signal that one observes
at p

must have arrived along a causal path from C
.



C is sometimes called an initial value surface
-

•

P

,

red region
3 murky '

,

we don't
hemin

⇐

n
:

going on in

dark. Globally hyperbolic spacetimes I
text future

.

have the property that spaces of causal paths w/ suitable,
conditions on endpoints are compact .

So we consider these spaces instead of Minkowskispacetime
.

I think locally , a globally hyperbolic spacetime is

Minkowski.

To prove the claim , you
look locally

, treating itas
'Iii's:: un:

"

::
"

you get to C
.

How to get from q
to p it -b.there

in the future of C? Maybe flow[

④→
C' d long t.cc .



Witten goes anachronistically . Historically . one might
begin y Penrose 's results but WrHen stats w/

Hawking 's thin about Big Bang singularity
in traditional cosmology ufo inflation .

( easier b/c if only involves timelike geodesics ; other
applications require a subtler study of nudgesdural .
Finkley
Riemannian Geodesics minimize distance on the small

Geometry : scale but not globally .

d

i. meant.¥⇐⇒I÷÷÷÷÷;of p - p q

If u follow d

q on
the rest of T ,

we
don't change length .

So this

new path , call it at y .

is not esraetly age.deer but

salves he egas in
1st order . If we

smooth the kink,

the length reduces in 29order



In the oomph p
'
.

he antipode of p , is also called a

foeafperht. In general , a focal pet is one where we

can traverse from p
to

p
'
wa a different genders , then

go on to q .

In on alt my ,
let W be an

mitral valve hypersurface l

l an orthogonal geodesic :

w.÷part
FETEis:L,

t l
't order

his net length
minimizing . One↳ newZ displacement .\ can smooth ont

geometry . the tenets

µ, analogous situation
for reduce length

space the geo
dears which never -

mas I minimise length .

Perturb a spatial directory increasetrend lengthto

perturb in time directions decrease
length

Car
.
two pts at spacelike separatism can be

separated by an "everywhere
"

spacelike path that B

arbitrarily shorter bug.



But for Gane like geodesics , there is an analog .

Spatial fluctuations tend to reduce proper time .

So short the like geodesics Masonite proper tone .

but the existence of food pts will have Sholar properties

f. the Euclidean signature case. .
l
' from p to pl ,

one can
take

¥÷o l * l
' before going

to q ;
no

P l p
' E difference in length .

If one takes d ,

honour
' bidet

↳ ⇒ I jotting & l
' thing

this is essentially he is i. shortens

twin paradox I has smaller
proper thru .

Turn on
earth takes h

t- q . ← larger proper the

win tradingtakes d .

← smaller proper time .

: . traveling them is younger data the
2nd

order smoothing = accelerating ,



Gain : F. ont pts are easy to come by ble slight

gravitational attraction can cause geodesics to

eventually converge .

Goal : Prove thelike geodesics develop focal pts in order

ta prone a singularity them ,

=
EEK)

P .¥¥#÷÷÷
"

rotor can be
written as

( ) dik -de e -2dg
,,
dxidri

iij

• -
food pt goo -

-

- I

goi
-

- O

f guff condition for fecal pts: det gig→ o
.



The Ray chaudhuri eqn ghees sink condition far

dit
gig
- O ⇒ I fecal pts bn space the

Yi a ten .m
singularity)

proper
the

-

just Einstein's
BV " Roo - 8K G ( Too - tag .o Tf ) egu in the

Coard ne debut

of orthog geodesicsApparently , we need a strong energy c7k?Yfw
, sensor is made

{ the Q of focal pts is Pandi Aardman maker 's radiation

Tankdry 's 7hm : Assume M is globally hyperbolic af

hypersurface 5 I assure the strong energy condition . Then

there is a BigBang .-
More precisely : If he 6cal Hubble constant has a

minimum rake hmm > O en initial value surface 5
,

then

here is no point in space
the with a proper the

more than hmm to the past of 5. (there's a beginning !)



So there's an upper band on how long anything in
the universe could have esBlood .

Et : l
.
-S

l! Im'm
path of maximal
proper

time to 5 .

f Does not have foul pt.

2 . The Hubble assup Issn means the value
9

A E -d hmm . ⇒ any past going treelike
Tt "

dimension orthogonal geodeem to 5
A -fwy develops a foul pt within

proper time at most I
% the time in ahhh hmm

.

the universe
extends

into the past is banded below .

if there is a beginning .

'FA



Null geodesic : path that massless particles such
as photons follow . They have proper time

=O

l
,
are on the edges of light cones ,

def .. A causal path
is prompt it here is no

-

from q top

causal path uhrh
could have arrived

i.e. no l
'
which armies

sooner
.

f at a pt r y same spatial

warm .stain
. "
in:trait

.

Basically ,
we immediately have that p is in the

boundary of the causal future
of
q .

.
-

--
- - -
n
,

Hall pts reachable from q by
" future -gong causal paths .

it:::is:*. anq



In Minkowski spacetime , every
null geodesic is prompt

y way p t in DJHod ( boundary of carsat future)
is connected to q by a prompt null geodesic .

Florenz signature spacetime ,

short segments
of null geodesics are prompt but if confined ,

they may become non
- prompt due to gravitationallensing .

c.g .

Astronomers have observed the same supernova at

deferent times b/c of how the light was bent by
certain massshe objects . The images that arrived later
were not prompt .
-

If a geodesr has a tangent vector ahhh §
time like ,

A- cannot be prompt .
In other words , locally , light B always taking the

fastest path .



In Lorena any spacetime then , a null geodesy in
order to be prompt, can not have any focal pts .

-
Tn Minkowski space , any two pts ahhh are null - separated
can be mapped to any other two null separated pls by
a Poincare. transformation .

So there's no good notion of

distance along null geodesics . Hence
,
the discussion w/

food pts is the right notion to consider , instead of length .

Thecap : to For the like geodesres ,

warm talk about

length minimizing in terms of distance er
focal pts.

• For null geodesics , we talk about -optimal
"

geodesics
urn focal pts .

We can talk about p npt mill gas deems from an intend

value surface W
. hey need to be orthogonal to W

.

: birth past



Claim : If W B spacelike ,
then for paths to be orthogonal

need codin W 72
. Why ?

Whole not every null geodesic is prompt in Lenne
spacetime

,

it is true that encrypt in 834g) is connected to
q

by a prompt null geodesic.
-

def , fat C is achromat tf tf pass u , re C ,
there,

no time like path in C connecting the two pets .

ez . JJ +

( w) is achromat
.

-

The boundary of the future of a closed set w
is ahoys a d - I mfd ufo boundary though often not
gmoddr .

gtld
gymog . W -W

•

q


