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A mechanical system is a dynamical system w/
finitely many degrees of freedom .

A field is also a dynamical system but at

infinitely many degrees of freedom .

Mathematically
,
a field is a section of a fitful

.

-

let y :Rt→ IR be a scalar field
xdftp.yih

The Klein- Gordon Equation is

Ely - mile --O
where I = -24+2! +2! t 27g
a wave operator called the d

'Alembertran



When m --O
,
we get the wave egg c

.
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Laplacian

The KG egg came about as an attempt to give a

relativistic Schrodinger eqa but this did not
work ; afterall , Suhr:danger is mechanical, i.e . finitely

many day
Bnt KG is sort of a classical limit of

*freedom

a quantum field in relativistic alfhgs

Hm to solve KG ? Suppose y is adl behaved . such as
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Taking aIg:L ,
y⇒ =
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he hare 41k = if't since y B real valued
.

If y satisfies A y --only , then
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In the integrands :
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This is easy to solve ; it's just a 2nd order OBE of

Fk Hh aaeiwateqe.iq
a simple form .

WEHtml

since I.ie - II , then b.he a,*e .

i. gin Pk),µµeeik" -44 + ai einen -aether
KG field

Note : The solution e ta KG is essentially an infinite
collection of uscoupled harmonic oscillators
for each ke IRS

S, there are infinite dog of freedom

Also
,
the KG field is often called the free or non-interacting
field Head he uncoupled nature of the oscillators



So picture an array
of springs as a visual of a field

Discrete o_O-0-0-0-0
4 satisfying
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H X H K K H
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4 4 14 4 4 19 t. "erase 'The
O- O-O-o-o_O

q 4 4 { E { array . Turn

a crane will

propagate outwards .

This excitation ahhh leads to a crane is
what

we call a particle .

Partners are waves in QM .



let L 2

- feel
'
- until d'* ( Lagrangian)✓

on space=L (Lagrangian density)
I see] -- ¥! It , (action) ,

let R : u . . NR3
include
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Variation of S

.

let t e IR be a parameter { q a l- parameter family
440=4.

of fields
.

ss-eddscjd.no .

Also 84 ← dd¥h⇒
.

Then
SS --JI se. -q . Psy -nice set d4* .
R

Note : f. (Py . Sy) = The Sy t Oy . Ose .



Using integration by parts , note :

Ji si ai se - Sii se .
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( Divergence= -

get Jn . Resy d
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Theorem )
r→as

If y has apt support or → o faster than Ira ,
then the last term ( barely term) vanishes.
Other bondany conditions , such as the endpoints of q
ne fraud will make Seele

,
= Seele
,
20

.



This will force he middle term to vanish
.

I , -1 all these conditions,

55--0 when Jfii the -only ) 8yd 4=0
R

=3 II q - only
-

- O everywhere inR
.

S. S is he a.root action for KG eqn

t.nu#w.L--tLii-l0ui-m2e4
Treating K

, y , 4g as formal variables (s. L B date

(statspace)
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total derivative



am safe -- ECL) ly . . " , -- one -me .
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In fact
, if £ a t y ( tf - m2y ) , one car Shar

ELL) -- ECI) '

g I = I t divergence term
sumof aft he Is

" partial
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where j ; A4→ IR is the usance
" ( in electro
-

magnetism ,
j

could be electric

charge or currentNen ECL) e@ -m2) y - j .

In QFT
, he presence of a source leads to particle

canton / annihilation via transfer of energy -momentum
yw he foold '

s its source .



The KG egas are Iron 's so he solutions are

non - interacting .
If we modify KG to be n-omlhew.ae introduce

self- interaction . potential
- a

E.g . Lathi
'
-bei -mail - Vlad

El4--47 -my y - V'ly) -- o .

S, long as V isn't quadratic, this Ketones non-linear
.

One potential of interest : Vle) e
-I ate't I, b'y

4
.

If V is quad , then V't 4) e ace . -b

{ s. (II - Lm'ta) e) = b
seems like

, you just increase the mass.- what does this

mean
, physically?



↳ardihate free description : let (Mag) be a Lorentzian
mfd

.

hen L -- -tlgldq ,del + midleg)
\ volume form

rs he tagragdm density . org .

This is called mrhimalhyCap#
let } be a parameter f Rlg) e scalar curvature . Then

I -- -4kg"(dude ) elm't 's Righi ) elglg.us
Lid KG team .

u 4

True theories are not diffeomorphism invariant or
"generally covariant " ; ie . f :MtsuM I §=f*g , then
I = -tlg - ' ldeiteltmylelgl is a new

Lagrangian density in general unless f is a symmetry .



If u allow g
to ray , we get It coupled

non -law field eggs instead of Ilmen field
eqn .

-

Conservatism lanes
are fundamental 3 she info about

captivated dynamics . Also , conservatism Laws are related

to symmetries by Noether 's theorem

Thet jd-jqx.ae ,
2e

,
.
. . ,2ky ) c- Tk be a

nectar field constructed as a local Fh
. Jd is a conserved

current or defines a conservation if the
divergence of Jd = o un e satisfies the field eqn .

"g- Dojo = o when ID -m') 4--0 .



Explicitly
,

if y is a solution
,
take

Mae vk.ecn.FI' . -.EE! ) set
.

A- ja -- O .

Invasion
.
"" In:÷÷±

,>⇒ 2¥ .-10.8=0 .

The point of writing this is :

let QrKk Jvp le , d3× be the total charge in
regan V.

non da Qr th -- -Juri = -Jgpod's
-

net flux



he say Qv B conserved since he can see ha
it

changes over the by purely in terms of hemtflux , a
fixed rule . So true 's n. creator nor destruction
of charge ; it just moves around .

If we place boundary conditions, such as Ve IR
)
;

he field vanishes rapidly enough. at a , then

dat Qu the o
'

s so he total charge a constant

-
Conservatism of Energy

let jo = I lie
' ethel' emYY
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sum he Einstein notation



So if y is a solution
to KG

, 2rjd=O .

later ' Hoel't only 'll 't

total
= T t U

energy
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Kmetz energy potential energy
-

am too Pettitt ) MEK
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.

If § --O or the normal component JV
of Pq to JV vanishes

,

then Idf Ev =D . { Energy B conserved
.


